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ON A SYMMETRY OF MU¨GER’S CENTRALIZER FOR
THE DRINFELD DOUBLE OF A SEMISIMPLE HOPF
ALGEBRA
SEBASTIAN BURCIU
Abstract. In this paper we prove a formula that relates Mu¨ger’s cen-
tralizer in the category of representations of a factorizable Hopf algebra
to the notion of Hopf kernel of a representation of the dual Hopf alge-
bra. Using this relation we obtain a complete description for Mu¨ger’s
centralizer of some fusion subcategories of the fusion category of finite
dimensional representations of a Drinfeld double of a semisimple Hopf
algebra.
1. Introduction and main results
Mu¨ger has introduced in [22] the notion of centralizer of a fusion subcat-
egory of a braided fusion category. One of the most remarkable features of
this notion is that the centralizer of a nondegenerate fusion subcategory of
a modular category is a categorical complement of the nondegenerate sub-
category. This principle is applied in many classification results of fusion
categories, see for example [8, 9, 12].
Despite its importance, in general it is a difficult task to give a concrete
description for the centralizer of all fusion subcategories of a given fusion
category. Only few cases are know in the literature. For instance, in the
same aforementioned paper, [22], Mu¨ger described the centralizer of all fu-
sion subcategories of the category of finite dimensional representations of
a Drinfeld double of a finite abelian group. More generally, for the cate-
gory of representations of a (twisted) Drinfeld double of an arbitrary finite
group a similar formula was then given in [23]. For the braided center of
Tambara-Yamagami categories, this centralizer was described by computing
completely the S-matrix of the modular category in [13].
In this paper we study some properties of Mu¨ger’s centralizer for the cate-
gory of representations of a semisimple factorizable Hopf algebra. A formula
that relates Mu¨ger’s centralizer to the Hopf kernel of representations of the
dual Hopf algebra is proven in Theorem 4.8. Then we specialize these results
to the category of representations of Drinfeld doubles of semisimple Hopf
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algebras. This allows us to obtain a certain symmetry of Mu¨ger’s centralizer
for these categories. This symmetry can also be viewed as a generalization
of the above mentioned results for the (twisted) Drinfeld double of a finite
group.
Normal Hopf subalgebras of a semisimple Drinfeld double were studied in
[7]. In loc.cit. the author shows that ifK,L are two normal Hopf subalgebras
of semisimple Hopf algebraA such that [K,L] = 0 and [(A//K)∗, (A//L)∗] =
0 then B(K,L) := (A//K)∗cop ⊲⊳ L is a normal Hopf subalgebra ofD(A). In
this paper we denote by D(K,L) := Rep(D(A)//B(K,L)) the fusion sub-
category of Rep(D(A)) obtained by taking the normal quotient B(K,L).
Our first main result is the following symmetry for the centralizer ofD(K,L):
Theorem 1.1. Let A be a semisimple Hopf algebra and K,L be two normal
Hopf subalgebras of A such that B(K,L) is a normal Hopf subalgebra of
D(A). Then
D(K,L)′ = D(L,K)
as fusion subcategories of Rep(D(A)).
Let A be a semisimple Hopf algebra and K be a Hopf subalgebra of
the Drinfeld double D(A). We denote by D(K) the fusion subcategory
of Rep(D(A)) whose objects are those D(A)-representations that receive a
trivial K-action.
Our second main result gives a description for the centralizer of D(K):
Theorem 1.2. Let A be a semisimple Hopf subalgebra and K be a normal
Hopf subalgebra of A. Then
D(K)′ =< K >
where < K > is the fusion subcategory of Rep(D(A)) generated by the D(A)-
module K. Here K is regarded as D(A)-module via the action
(1.3) (f ⊲⊳ a)x = a1xS(a2)↼ S
−1f
where a ∈ A, f ∈ A∗ and x ∈ K.
Organization of the paper. In Section 2 we recall the definition of Mu¨ger’s
centralizer of a subcategory of a modular fusion category as well as its basic
properties that are used throughout this paper. Section 3 presents some
results concerning the lattice of fusion subcategories of the category of rep-
resentation of a semisimple Hopf algebra. We recall here Brauer’s theorem
for kernels of representations, as presented in [6]. In Section 4 we prove
Theorem 4.8 that relates the kernel of a corepresentation and Mu¨ger’s cen-
tralizer in the category of representations of a factorizable semisimple Hopf
algebra. Theorem 1.2 and Theorem 1.1 for are proven in Section 5.
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We work over an algebraically closed field k of characteristic zero. We
use Sweedler’s notation for comultiplication with the sigma symbol dropped
and the notation S for the antipode. All the other Hopf algebra notations
are those used in [21].
Acknowledgments. This work was supported by a grant of the Roma-
nian National Authority for Scientific Research, CNCS-UEFISCDI, project
number PN-II-RU-TE-2012-3-0168.
2. Preliminaries
In this section we recall some preliminary results that are further needed
throughout the paper.
General conventions on fusion categories. As usually, by a fusion cat-
egory we mean a k-linear semisimple rigid tensor category C with finitely
many isomorphism classes of simple objects, finite dimensional spaces of
morphisms, and such that the unit object of C is simple. We refer the
reader to [11] for a general theory of such categories.
For a fusion category C we denote by ΛC the set of isomorphism classes of
simple objects of C and by O(C) the class of all objects of C. Recall that the
Grothendieck ring K0(C) of C is the free Z-module generated by ΛC with
the multiplication induced by the tensor product in C. The Grothendieck
ring K0(C) is a based unital ring (see for example [14] for definition of based
rings).
Recall [11] that there is a unique algebra homomorphism FPdim : K0(C)→
k
∗ such that FPdim([X ]) > 0 for any simple object X of C. By def-
inition, the Frobenius-Perron dimension of C is given by FPdim(C) :=∑
X∈ΛC
FPdim(X)2.
By a fusion subcategory of a fusion category C we understand a full replete
tensor subcategory of C. For two fusion subcategories D and E of C we
denote by D ∨ E the smallest fusion subcategory of C containing both D
and E as fusion subcategories. If E ⊆ D are fusion subcategories of a fusion
category C such that FPdim(D) = FPdim(E) then clearly D = E .
2.1. Modular fusion categories. Recall that a braided tensor category C
is a tensor category equipped for allX, Y ∈ O(C) with natural isomorphisms
cX, Y : X⊗Y → Y ⊗X satisfying the hexagon axiom, see for example [1, 15].
A twist on a braided fusion category C is a natural automorphism θ : idC →
idC satisfying θ1 = id1 and
(2.1) θX⊗Y = (θX ⊗ θY )cY XcXY .
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A braided fusion category is called premodular or ribbon if it has a twist
satisfying θX∗ = θ
∗
X for all X ∈ O(C).
Recall that the entries of the S-matrix, S = {sX,Y } of a premodular cat-
egory are defined as the quantum trace sX,Y := trq(cY XcXY ), see [28]. A
premodular category C is called modular if the above S-matrix is nondegen-
erate.
Centralizers in braided fusion categories. Let C be a modular fusion
category and K be a fusion subcategory of C. Mu¨ger introduced the notion
of centralizer of K as the fusion subcategory K′ of C generated by all simple
objects X of C satisfying
(2.2) cX, Y cY, X = idX⊗Y
for all objects Y ∈ O(K) (see [22]).
In the case of a ribbon category C the condition of Equation (2.2) is equiv-
alent to
(2.3) sX, Y = FPdim(X)FPdim(Y )
for all objects Y ∈ O(K). Note that in general
(2.4) |sX, Y | ≤ FPdim(X)FPdim(Y )
by [22, Proposition 2.5]. In the situation of Equation (2.2) we say that the
objects X and Y centralize each other.
Properties of the centralizer. If C is a modular fusion category and K
a fusion subcategory of C then by [22, Theorem 3.2] one has K′′ = K and
(2.5) FPdim(K)FPdim(K′) = FPdim(C).
Moreover by [22, Theorem 4.2] it follows that if K is also a modular category
then C ∼= K⊠K′. Let D and E be fusion subcategories of a modular fusion
category C. Then one has
(2.6) (D ∨ E)′ = D′ ∩ E ′ and (D ∩ E)′ = D′ ∨ E ′,
see [22].
3. On the lattice of fusion subcategories of Rep(A)
Let A be a finite dimensional semisimple Hopf algebra over k. Then
A is also cosemisimple and S2 = id, see [20]. The character ring C(A)
of A is a semisimple k-subalgebra of A∗ and it has a vector space ba-
sis given by the set Irr(A) of irreducible characters of A, see [29]. More-
over, C(A) = Cocom(A∗), the space of cocommutative elements of A∗. By
duality, the character ring of A∗ is a semisimple k-subalgebra of A and
C(A∗) = Cocom(A). If M is an A-representation with character χ then
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M∗ is also an A-representation with character χ∗ = χ ◦ S. This induces an
involution “ ∗ ” : C(A) → C(A) on C(A). Let also m
A
(χ, µ) be the usual
multiplicity form on C(A). Recall that if M and N are A-representations
affording characters χ, µ ∈ C(A) respectively, then m
A
(χ, µ) is defined by
m
A
(χ, µ) := dimkHomA(M,N). We will use the notation G(A) for the set
of grouplike elements of A.
For any right A-comodule M with comodule structure ρ : M → A ⊗ M
denote by CM the subcoalgebra of coefficients of M . Recall that CM is the
smallest subcoalgebra C ⊂ A with the property that ρ(M) ⊂ C ⊗M , see
[19]. If d ∈ C(A∗) is the character of M as an A-comodule then CM is also
denoted by Cd.
A left coideal subalgebra of A is a left coideal L of A (i.e a vector subspace
with ∆(L) ⊂ A⊗L) which is also a unitary subalgebra of A. A left coideal
subalgebra L of A is called normal if it is closed under the left adjoint action
adl of A on itself. Recall that adl(x)(a) = x1aS(x2) for all a, x ∈ A. If L is
a left normal coideal subalgebra of A then AL+ = L+A is a Hopf ideal and
let A//L := A/AL+ be the Hopf algebra quotient. Let also πL : A→ A//L
be the canonical Hopf projection.
It is known that any fusion subcategory of A is of the form Rep(A//L) for
some normal left coideal subalgebra L of A (see for instance [7].)
3.1. Hopf kernels of representations of semisimple Hopf algebras.
Let A be any semisimple Hopf algebra and M a finite dimensional left A-
representation affording a charcater χ. By [4, Proposition 1.2] one has that
|χ(d)| ≤ χ(1)ǫ(d) for any d ∈ Irr(A∗). Moreover, [4, Remark 1.3] implies
that χ(d) = ǫ(d)χ(1) if and only if the subcoalgebra Cd acts trivially on M .
Recall [4] that the Hopf kernel HKerA(M) is defined as Hopf subalgebra
of A generated by the set of all characters d ∈ Irr(A∗) such that χM(d) =
χM(1)ǫ(d), where χM is the character associated to M . It follows that the
Hopf kernel HKerA(M) of M coincides to the largest Hopf subalgebra of A
that acts trivially on M .
Let K be a normal Hopf subalgebra of A. Since K = ⊕x∈Irr(K∗)Cx it follows
from above that
(3.1) Rep(A//K) = ∩x∈Irr(K∗)Rep(HKerA∗(x)
∗).
3.2. Brauer’s theorem for left kernels of representations. Let M be
an A-module and let LKer
A
(M) be the left kernel of M . Recall [6] that
LKer
A
(M) is defined by:
(3.2) LKer
A
(M) = {a ∈ A| a1 ⊗ a2m = a⊗m, for all m ∈M}
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Then by [6] it follows that LKerA(M) is the largest left coideal subalgebra
of A that acts trivially onM . It is also a normal left coideal subalgebra and
obviously HKerA(M) ⊂ LKerA(M).
Next theorem generalizes a well known result of Brauer in the represen-
tation theory of finite groups.
Theorem 3.3. [6, Theorem 4.2.1]. Suppose that M is a finite dimensional
module over a semisimple Hopf algebra A. Then
(3.4) < M >= Rep(A//LKerA(M))
where < M > is the fusion subcategory of Rep(A) generated by M .
Suppose that L is a normal left coideal subalgebra of a Hopf algebra A
and let B := A//L be the quotient Hopf algebra of A via πL : A → B.
Then under the dual map π∗L it follows that B
∗ is a Hopf subalgebra of A∗
that can be identified with:
(3.5) π∗L(B
∗) = {f ∈ A∗|f(al) = f(a)ǫ(l) for all a ∈ A, l ∈ L}.
Proposition 3.6. Let B and B′ be two Hopf subalgebras of a semisimple
Hopf algebra A. If C(A∗) is commutative then
dimk(< B,B
′ >) =
(dimkB)(dimkB
′)
dimk(B ∩ B′)
.
Proof. Let ΛB,ΛB′ be the idempotent integrals of B and B
′ respectively.
Since C(A∗) is commutative one has that ΛBΛB′ = ΛB′ΛB. This implies
that ΛBΛB′ = Λ<B, B′>. The equality now follows counting the multiplicity
of 1 in both sides of the previous equality. 
Remark 3.7. Alternatively the statement follows from [9, Lemma 3.5] ap-
plied to C = Rep(A∗).
If S and R are two left coideal subalgebras of A denote by SR the vector
subspace of A generated by elements of the type sr with s ∈ S and r ∈ R.
Clearly SR is a coideal of A but not a coideal subalgebra unless SR = RS.
Denote by < S,R > the left coideal subalgebra of A generated by S and R.
Theorem 3.8. Let L and K be two normal coideal subalgebras of A. Then
the following equalities hold in A∗:
(1) (A//L)∗ ∩ (A//K)∗ = (A//LK)∗.
(2) < (A//L)∗, (A//K)∗ >= (A//(L ∩K))∗.
If the Grothendieck ring G0(A) is commutative then
(3.9) dimk(LK) =
dimk(L ∩K)
(dimk L)(dimkK)
.
Proof. 1.) It follows directly from Equation (3.5).
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2) Using Equation (3.5) it is easy to see that
< (A//L)∗, (A//K)∗ >⊆ (A//(L ∩K))∗.
On the other hand, from Takeuchi’s correspondence [27] between Hopf
subalgebras of A∗ and coideal subalgebras of A it follows that there is a
normal left coideal subalgebra M(L,K) of A such that
(3.10) < (A//L)∗, (A//K)∗ >= (A//(M(L, K))∗.
Since (A//L)∗ ⊆ (A//M(L, K))∗ it follows that M(L, K) ⊆ L. Similarly
M(L, K) ⊆ K and therefore M(L, K) ⊆ L∩K. This implies that dimk(<
(A//L)∗, (A//K)∗ >) ≥ dimk(A//(L∩K))
∗). Then Equation (3.10) implies
the equality
< (A//L)∗, (A//K)∗ >= (A//(L ∩K))∗.
Suppose now that G0(A) is commutative. Using the previous proposition
it follows that
dimk < (A//L)
∗, (A//K)∗ >=
dimk(A//K)
∗ dimk(A//L)
∗
dimk((A//L ∩K)∗)
.
Since < (A//L)∗, (A//K)∗ >= (A//L ∩K)∗ the equality follows. 
For a normal left coideal subalgebra L of A it follows thatM ∈ Rep(A//L)
if and only if L acts trivially on M . Recall that L acts trivially on M if and
only if xm = ǫ(x)m for all x ∈ L and all m ∈M .
Corollary 3.11. Let L and K be two normal left coideal subalgebras of a
semisimple Hopf algebra A. Then one has the following:
(1) Rep(A//L) ∨ Rep(A//K) = Rep(A//L ∩K).
(2) Rep(A//L) ∩ Rep(A//K) = Rep(A//LK).
4. Kernels and centralizers in factorizable Hopf algebras
Recall that a Hopf algebra A is called quasitriangular if A admits an R-
matrix, i.e. an element R ∈ A⊗A satisfying the following properties:
1) R∆(x) = ∆cop(x)R for all x ∈ A.
2) (∆⊗ id)(R) = R1 ⊗ r1 ⊗ R2r2
3) (id⊗∆)(R) = R1r1 ⊗ r2 ⊗ R2.
4) (id⊗ǫ)(R) = 1 = (ǫ⊗ id)(R).
Here R = r = R1 ⊗ R2 = r1 ⊗ r2.
If (A,R) is a quasitriangular Hopf algebra then the category of represen-
tations is a braided fusion category with the braiding given by
(4.1) cM,N :M ⊗N → N ⊗M, m⊗ n 7→ R21(n⊗m)
for all M,N ∈ O(Rep(A)) (see [17]). Recall that R21 := R
2 ⊗ R1.
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A quasitriangular Hopf algebra (A, R) is called factorizable if and only if
the linear map
(4.2) φA : A
∗ → A, f 7→ (id⊗f)(R21R)
is an isomorphism of vector spaces. In this situation, following [26, Lemma
2.2] φA maps the character ring C(A) onto the center of Z(A) of A. Moreover
by [26, Theorem 2.1] one has that
(4.3) φA(fχ) = φA(f)φA(χ)
for all f ∈ A∗ and χ ∈ C(A). Thus φA|C(A) : C(A) → Z(A) is an isomor-
phism of k-algebras.
4.1. On the S-matrix for a factorizable Hopf algebra. Let A be a
semisimple factorizable Hopf algebra. By [10] (see also [18]) one has that
the S-matrix (sij) of the modular tensor category Rep(A) is given by
(4.4) sij = χi(φA(χj∗))
Moreover it is not difficult to see that for all 1 ≤ i, j ≤ s, one has that
sij = sji, and sij = si∗j∗ and sij∗ = sji∗ (cf. [1, 26]). Note that in this case
inequality (2.4) becomes
(4.5) |sij| ≤ χi(1)χj(1).
4.2. Central primitive idempotents of the character ring. Let A be
a semisimple Hopf algebra and χ1,··· , χs be the irreducible characters of A.
Let also e1,··· , es be their associated central primitive central idempotents in
A and let Ej := φ
−1
A (ej) for all 1 ≤ j ≤ s. Since the map φA from Equation
(4.2) is an algebra isomorphism between C(A) and Z(A) it follows that
{Ej}
s
j=1 is a set of primitive central idempotents in the character ring C(A)
of A.
Proposition 4.6. Let A be a semisimple Hopf algebra and W be an irre-
ducible right A-comodule with associated character d ∈ Irr(A∗). Then for
any primitive central idempotent Ej ∈ C(A) one has that Ej(d) ∈ Z≥0 and∑s
j=1Ej(d) = ǫ(d).
Proof. Note thatW can also be regarded as a left A∗-module. Its character,
dˆ : A∗ → k, is given by evaluation at d, i.e., dˆ(f) = f(d) for all f ∈ A∗.
Since C(A) is a semisimple subalgebra of A∗ it follows that W can also be
regarded as a left C(A)-module.
Let Mj be the associated simple C(A)-module corresponding to the central
primitive idempotent Ej ∈ C(A). Then
Ej(d) = dˆ(Ej) = mC(A)(Mj , W ↓
A∗
C(A)) dimkMj ∈ Z≥0
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where mC(A)(Mj , W ↓
A∗
C(A)) coincides to the multiplicity of the simple left
C(A)-module Mj associated to Ej inside W ↓
A∗
C(A). Clearly
∑s
j=1Ej(d) =∑s
j=1mC(A)(Mj , W ↓
A∗
C(A)) dimkMj = dimkW = ǫ(d). 
For a subset X ∈ Irr(A) we denote by < χ | χ ∈ X > the fusion subcat-
egory of Rep(A) generated by the irreducible modules M whose characters
satisfy χM ∈ X .
Remark 4.7. Note that for any Hopf subalgebra L ⊂ A one has Rep(L∗) ⊂
Rep(A∗) via the canonical projection A∗ → L∗.
Theorem 4.8. Let A be a semisimple factorazible Hopf algebra and d ∈
Irr(A∗). Then one has the following equality:
Rep(HKerA∗(d)
∗)′ =< χj | Ej(d) 6= 0 > .
Proof. Using the above remark, since HKerA∗(d) is a Hopf subalgebra ofA
∗ it
follows that Rep(HKerA∗(d)
∗) is a fusion subcategory of Rep(A). Moreover,
by its definition one has that χ ∈ Rep(HKerA∗(d)
∗) if and only if χ(d) =
χ(1)ǫ(d).
Using Equation (4.4) and [26, Remark 3.4] one can write that
(4.9) χi =
s∑
j=1
sij
s0j
Ej .
for all 1 ≤ i ≤ s. On the other hand Proposition 4.6 and inequality (4.5)
gives that
|χi(d)| = |
s∑
j=1
sij
s0j
Ej(d)| ≤
s∑
j=1
|
sij
s0j
|Ej(d) ≤ χi(1)ǫ(d)
for any character d ∈ Irr(A∗). Therefore one has that χi(d) = ǫ(d)χi(1)
if and only if sij = χi(1)χj(1) for all j with Ej(d) 6= 0. It follows that
χi ∈ HKerA∗(d) if and only if χi centralize any χj with the property that
Ej(d) 6= 0. This completes the proof of the theorem. 
Corollary 4.10. Let A be a factorizable Hopf algebra and K a normal Hopf
subalgebra K of A. If ΛK ∈ K is the idempotent intergral of K then
(4.11) Rep(A//K)′ =< χj | Ej(ΛK) 6= 0 > .
Proof. By Equation (3.1) one has Rep(A//K) = ∩x∈Irr(K∗)Rep(HKerA∗(x)
∗).
Therefore
Rep(A//K)′ = ∨x∈Irr(K∗)Rep(HKerA∗(x)
∗)′ = ∨x∈Irr(K∗) < χj | Ej(x) 6= 0 > .

10 SEBASTIAN BURCIU
By [19, Proposition 4.1]) note that the idempotent integral of K satisfies
(4.12) ΛK =
∑
x∈Irr(K∗) ǫ(x)x
dimK
Then Proposition 4.6 shows that Ej(ΛK) 6= 0 if and only if Ej(x) 6= 0 for
some x ∈ Irr(K∗). Thus
(4.13) Rep(A//K)′ =< χj | Ej(ΛK) 6= 0 > .
4.3. Kernels of grouplike elements. Let A be a semisimple factorizable
Hopf algebra and g ∈ G(A) be a grouplike element. Then Theorem 1.1
implies that
(4.14) Rep(HKerA∗(g)
∗)′ =< χg >,
where the character χg ∈ Irr(A) is defined as follows. First note that by
Proposition 4.6 there is a unique central primitive idempotent Eg ∈ C(A)
that does not vanish on g. Then the corresponding irreducible character of
the primitive idempotent φA(Eg) is denoted by χg.
Note that by [3, Equation (1.3)] the idempotent φA(Eg) is a scalar multiple
of
(4.15) Fg =
s∑
i=1
χ∗i (g)χi.
5. Kernels and centralizers in semisimple quantum doubles
In this section we will describe the Mu¨ger centralizer of some fusion sub-
categories of Rep(D(A)) for any semisimple Hopf algebra A. In particular
we will prove the two main results mentioned in the introduction.
Recall that the Drinfeld double D(A) of a Hopf algebra A is defined by
D(A) ∼= A∗cop ⊗ A as coalgebras with the multiplication given by
(5.1) (g ⊲⊳ a)(f ⊲⊳ b) =
∑
g(a1 ⇀ f ↼ S
−1a3) ⊲⊳ a2b,
for all a, b ∈ A and f, g ∈ A∗. Moreover its antipode is given by S(f ⊲⊳
h) = S−1(h)S(f). Recall that (a ↼ f ⇀ b)(x) = f(bxa) for all a, b ∈ A and
f ∈ A∗. It is well known that D(A) is a semisimple Hopf algebra if and only
if A is a semisimple Hopf algebra [21].
If A is a semisimple Hopf algebra and C = Rep(A) then Z(C) ≃ Rep(D(A))
where D(A) is its quantum double [17].
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Moreover, the Drinfeld double D(A) is a quasitriangular Hopf algebra
with R-matrix: R =
∑n
i=1(ǫ ⊲⊳ bi)⊗ (b
∗
i ⊲⊳ 1) where {bi} is a vector basis for
A and {bi∗}. In this case one has R21R =
∑n
i,j=1(b
∗
j ⊲⊳ bi)⊗ (ǫ ⊲⊳ bj)(b
∗
i ⊲⊳ 1)
and by [10, Lemma 1.1] D(A) is a factorizable Hopf algebra. The linear
map φD(A) : D(A)
∗ → D(A) is given by
f 7→
n∑
i,j=1
(b∗j ⊲⊳ bi)f [(ǫ ⊲⊳ bj)(b
∗
i ⊲⊳ 1)].
5.1. Left Kernels of normal Hopf subalgebras. Recall [30] that A can
be regarded as a D(A)-module via the action
(5.2) (f ⊲⊳ a).b = (a1bS(a2))↼ Sf
for all a, b ∈ A and all f ∈ A∗. Then note that any normal Hopf subalgebra
K of A can be regarded as D(A)-submodule of A.
Proposition 5.3. Let K be a normal Hopf subalgebra of A. Then
LKerD(A)(K) ⊇ (A//K)
∗ ⊲⊳ LKerA(K),
where LKerA(K) is the left kernel of K regraded as a A-module via the
adjoint action.
Proof. From the module structure of Equation (5.2) it can easily be seen that
the left coideal subalgebra (A//K)∗ ⊲⊳ LKerA(K) of D(A) acts trivially
on K. Indeed (A//K)∗ acts trivially on K due to Equation (3.5). Since
LKerD(A)(K) is the largest coideal subalgebra of D(A) that acts trivially on
the D(A)-module K the inclusion (A//K)∗ ⊲⊳ LKerA(K) ⊆ LKerD(A)(K)
follows. 
5.2. Primitive central idempotents in C(A). There is another realiza-
tion (see [16, Proposition 6.3]) of A as a D(A)-module on the vector space
A∗. This realization coincides with the trivial A-module induced to D(A)
and has the following structure:
(f ⊲⊳ a)g = f(a1 ⇀ g ↼ S(a2))
for all f, g ∈ A∗ and a ∈ A. Then by [16] each homogenousD(A)-component
of A∗ can be described as A∗Ei for some central primitive idempotent Ei ∈
C(A), see [16]. Moreover {Ei}i=1,s is a complete set of central orthogonal
primitive idempotents of C(A).
Recall by [5, Proposition 3.1] that the Fourier transform F : A → A∗
given by a 7→ a ⇀ t is a morphism of D(A)-modules where t ∈ A∗ is the
idempotent integral of A∗.
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Let A = V1⊕V2⊕···⊕Vs be the decomposition of A into homogenous D(A)-
components and suppose that F(Vi) = A
∗Ei. Define the linear functionals
pi ∈ A
∗ by the relation that pi coincides to ǫA on Vi and vanishes on any
other Vj with i 6= j. Then by [5, Theorem 5.13] it follows that pVi = S(Ei)
if F(Vi) = A
∗Ei.
Lemma 5.4. Suppose that K is a normal Hopf subalgebra of a semisimple
Hopf algebra A and d ∈ Irr(K∗) is a cocommutative element of K. With the
above notations if pVi(d) 6= 0 then Vi ⊂ K.
Proof. If K is a normal Hopf subalgebra of A then K is a full isotopic sub-
module of A, see [5, Proposition 5.4]. Thus without loss of generality one
may suppose that as homogenous D(A)-components one has the decompo-
sition K = V1 ⊕ . . .⊕ Vr and A = K ⊕ Vr+1 ⊕ . . .⊕ Vs for some 1 ≤ r ≤ s.
Then clearly if pVi(d) 6= 0 then 1 ≤ i ≤ r and therefore Vi ⊂ K. 
5.3. Proof of Theorem 1.2. Now we are ready to prove Theorem 1.2
Proof. Let χ1, . . ., χl be the irreducible characters of D(A) and e˜1, . . ., e˜l ∈
Z(D(A)) be their associated central idempotents in D(A). Denote also by
E˜j = φ
−1
D(A)(e˜j) the primitive central idempotents of D(A).
Similar to Equation (3.1) one has thatD(K) = ∩d∈Irr(K∗)Rep(HKerD(A)∗(d)
∗).
Thus
D(K)′ = (∩d∈Irr(K∗)Rep(HKerD(A)∗(d))
∗)′ = ∨d∈Irr(K∗)Rep(HKerD(A)∗(d)
∗)′
Since D(A) is a factorizable Hopf algebra, Theorem 4.8 implies that
D(K)′ = ∨d∈Irr(K∗)(< χj | E˜j(d) 6= 0 >)
= < χj | Ej(d) 6= 0 for some d ∈ Irr(K
∗) > .
Let E˜j be a primitive central idempotent of C(D(A)) such that E˜j(d) 6= 0
for some d ∈ Irr(K∗). It follows that E˜j ∈ D(A)
∗ has a nonzero restriction
to A. Therefore by [16, Theorem 6.3] E˜j ↓
D(A)
A = Ej where Ej is a central
idempotent of C(A) and χj is the character of any simple D(A)-submodule
of the homogenous component A∗Ej . It follows by the above arguments that
S(Ej) = pVj . Then the previous lemma implies that χj is the character of
a simple D(A)-submodule Vj of A with Vj ⊂ K. Thus:
D(K)′ = < χj | Ej(d) 6= 0 for some d ∈ Irr(K
∗) >
= < Vj | Vj ⊂ K >=< K > .

It is well known that D(A) ∼= D(A∗ op cop)op as Hopf algebras via f ⊲⊳
a 7→ a ⊲⊳ f (see for instance [25, Theorem 3]). By duality this implies the
following result:
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Corollary 5.5. If L is a normal Hopf subalgebra of A then
D((A//L)∗)′ =< (A//L)∗ >,
where < (A//L)∗ > denotes the fusion subcategory of Rep(D(A)) generated
by (A//L)∗, regarded as a D(A)-module via the above isomorphism D(A) ∼=
D(A∗ op cop)op.
Next proposition is the dual version of the Proposition 5.3.
Proposition 5.6. Let L be a normal Hopf subalgebra of A. Then
LKerD(A)((A//L)
∗cop) ⊇ LKerA∗((A//L)
∗) ⊲⊳ L
5.4. Proof of Theorem 1.1.
Proof. Suppose that K and L are normal Hopf subalgebras of A. Using
Theorem 1.2 and the previous corollary it follows that:
D(K, L)′ = (D((A//K)∗)
⋂
D(L))′ =
= D((A//K)∗)′
∨
D(L)′ =< (A//K)∗ >
∨
< L >
Theorem 3.3 implies that
(5.7)
D(K, L)′ = Rep(D(A)//LKerD(A)(A//K)
∗)
∨
Rep(D(A)//LKerD(A)(L))
Then Corollary 3.11 gives that
(5.8) D(K, L)′ = Rep(D(A)//(LKerD(A)(A//K)
∗
⋂
LKerD(A)L)))
Proposition 5.3 and its dual version, Proposition 5.6, imply that
LKerD(A)((A//K)
∗)
⋂
LKerD(A)(L) ⊇
⊇ ((A//K)∗ ⊲⊳ LKerA(K))
⋂
((A//L)∗ ⊲⊳ LKerA∗((A//L)
∗))
Note that since B(K,L) = (A//K)∗ ⊲⊳ L is a normal Hopf subalgebra of
D(A) it follows by [7, Theorem 4.5] that the pairs (L,K) and ((A//L)∗, (A//K)∗)
are commuting pairs of Hopf subalgebras of A and A∗ respectively. Since
L commutes elementwise with K it follows that L acts trivially on the A-
representationK and therefore LKerA(K) ⊇ L. Similarly LKerA∗((A//L)
∗) ⊇
(A//K)∗. These two inclusions imply that:
((A//K)∗ ⊲⊳ LKerA(K)) ∩ ((A//L)
∗ ⊲⊳ LKerA∗(A//L)
∗) = (A//K)∗ ⊲⊳ L
and Rep(D(A)//(LKerD(A)(A//K)
∗
⋂
LKerD(A)L))) ⊆ D(K,L). Hence one
can conclude that D(K, L)′ ⊆ D(L, K).
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On the other hand, note that
FPdim D(K,L) =
(dimkA)(dimk L)
dimkK
.
Thus
FPdim (D(K,L)′) =
(dimkA)
2
FPdim D(K,L)
=
(dimkA)(dimkK)
dimk L
= FPdim D(L,K).
This implies that D(K,L)′ = D(L,K). 
Corollary 5.9. If K is a normal commutative Hopf subalgebra of a semisim-
ple Hopf algebra A then D(K)′ ⊆ D(K).
Proof. Note that K regarded as D(A)-representation via Equation (5.2)
satisfies K ∈ D(K) since K is a commutative Hopf algebra. Therefore
Theorem 1.1 implies that D(K)′ =< K >⊆ D(K). 
5.5. Normal Lagrangian subcategories of the category of represen-
tation of a Drinfeld double. We call a fusion subcategory of Rep(A)
normal if it is of the type Rep(A//L) for a normal Hopf subalgebra L of
A. This definition agrees with the definition of a normal fusion subcategory
from [2]. Let C be a premodular category with braiding c and twist θ. Ac-
cording to [8], a fusion subcategory E of C is called isotropic if θ restricts to
the identity on E , i.e., if θ(X) = idX for all X ∈ E . Moreover, an isotropic
subcategory E is called Lagrangian if E ′ = E . Recall also that a fusion cate-
gory C is called hyperbolic if it has a Lagrangian subcategory and C is called
anisotropic category if it has no non-trivial isotropic subcategories.
Theorem 5.10. Suppose that F,G are finite groups and A is an abelian
extension fitting the extension
(5.11) k→ kG → A
pi1−→ kF → k
Then D(kG, kG) is a Lagrangian subcategory of D(A).
Proof. Note that A∗ fits the exact sequence
(5.12) k→ kF → A∗
pi2−→ kG→ k.
Since A/kG ∼= kF it follows that B(kG, kG) is a normal Hopf subalgebra of
D(A). Moreover, by Theorem 1.1 one has that D(kG, kG)′ = D(kG, kG).
Let π : D(A)→ D(A)/B(kG, kG) be the canonical Hopf projection.
Using [17, Poposition XIV.2] note that the twist structure on D(A) is given
by the left multiplication by the Drinfeld element u associated to A, see also
[10].
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On the other hand, in our case, the Drinfeld element of D(A) can be written
as
u =
∑
x∈F,a∈G
S(qx#a)(pa#x)
where {qx} and {pa} are the dual group element bases in k
F respectively
k
G. It follows that π(u) =
∑
a,x π2(qx#a)π1(pa#x) = 1, which shows that
π acts as identity on each object of D(kG, kG). 
Remark 5.13. Note that [8, Theorem 4.5] shows that in the situation of
an abelian extension A one has that Rep(D(A)) is a hyperbolic modular
category, i.e. it is braided tensor equivalent to the center Z(V ecωG) for some
finite group G and some ω ∈ H3(G, k∗). In this way one can recover [24,
Theorem 1.3].
Recall the subcoalgebra of coefficients CM associated to a any right A-
comodule M . By duality, any left A-module V with associated character
χ ∈ C(A) can be regarded as a right A∗-module and one can associate to it
its subcoalgebra of coefficients Cχ ⊂ A
∗.
5.6. Normal Hopf subalgebras of D(A). Let L be a normal Hopf sub-
algebra of A. Recall that an irreducible character α of L is called A-stable
if there is a character χ ∈ Rep(A) such that χ ↓
A
L
= χ(1)
α(1)
α. Such a character
χ ∈ Irr(A) is said to seat over the character α ∈ Irr(L). The set of all
irreducible A-characters seating over α is denoted by Irr(A|α). Denote by
GstA(L) the set of all A-stable linear characters of L. Clearly G
st
A(L) is a
subgroup of the group of grouplike elements G(L∗) of the dual Hopf algebra
of L.
Suppose that K and L are two normal Hopf subalgebras of A and let G
be a finite group that can be simultaneously embedded in GstA(K) and
GstA∗((A//L)
∗) via the emebddings ψ1 : G →֒ G
st
A(K) and respectively
ψ2 : G →֒ G
st
A∗((A//L)
∗). Let B(K,L,G,X , ψ1, ψ2) be the subcoalgebra
of D(A) defined by
(5.14) B(K,L,G,X , ψ1, ψ2) =
⊕
x∈G
C
ψ1(x)↑
A
K
⊲⊳ C
ψ2(x)↑
A∗
(A//L)∗
.
Recall by [7, Theorem 4.2] that any normal Hopf subalgebra of D(A) is of
the type B(K,L,X , ψ) where K,L are normal Hopf subalgebras of D(A)
and X is a finite group satisfying the above properties, for more details see
[7, Subsection 3.2 ].
Let D(K,L,X , ψ) be the category of representations of the quotient Hopf
algebra D(A)//B(K,L,X , ψ).
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Proposition 5.15. Let A be a semisimple Hopf algebra. Then Rep(D(A))
has a normal Lagrangian fusion subcategory if and only if A is an abelian
extension Hopf algebra.
Proof. Suppose that D(K,L,X , ψ) is a Lagrangian fusion subcategory of the
category Rep(D(A)). In particular one has thatD(K,L,X , φ)′ = D(K,L,X , ψ).
Note that the Hopf algebra inclusion B(K,L) ⊂ B(K,L,X , ψ) induces an
inclusion of fusion subcategories D(K,L) ⊇ D(K,L,X , ψ). Thus D(L,K) =
D(K,L)′ ⊆ D(K,L,X , φ)′ = D(K,L,X , φ). This inclusion implies that
B(L,K) ⊇ B(K,L,X , φ). Since B(K,L) ⊆ B(K,L,X , ψ) this shows that
B(L,K) ⊇ B(K,L), and therefore K = L. By [7, Theorem 4.3] one has
that [K,L] = 0, i.e. K is a commutative Hopf algebra. Similarly (A//K)∗
is commutative and therefore A is an abelian extension. 
It would be an interesting question to determine Mu¨ger’s centralizer for
any normal fusion subcategory of Rep(D(A)) and to decide if the centralizer
is also a normal fusion subcategory.
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